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Abstrat. We give a haraterization for the extreme points of the onvex set of orrelation
matries with a ountable index set. A Hermitian matrix is alled a orrelation matrix if it is
positive semidenite with unit diagonal entries. Using the haraterization we show that there
exist extreme points of any rank.
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1. Introdution
Let I be a xed index set, and let F denote the eld of either real or omplex numbers. A
mapping C : I ×I → F is an (auto)orrelation funtion if it is positive semidenite, Hermitian
(or symmetri when F = R), and C(i, i) = 1 for all i ∈ I. This term omes from the theory of
stohasti proesses. It the ase where I is either nite or ountable, suh a funtion is alled a
orrelation matrix. The set of orrelation funtions is onvex. The problem of determining the
extreme points of this set has been studied extensively, but the researh is mostly onentrated
on nite matries [2, 9, 4, 8℄.
Christensen and Vesterstrøm [2℄ onsidered the omplex ase and proved that, when the
ardinality of I is greater than 3, there exists a rank 2 extreme point. Moreover, they showed
that when I is nite with n elements, the rank of any extreme point is at most √n. Loewy [9℄
proved that, in fat, for any r ≤ √n there exists a rank r extreme point. Grone, Piere, and
Watkins [4℄ showed that, in the real ase, a similar result holds but the riterion for the rank
is then r2 + r ≤ 2n. Finally, Li and Tam were able to give a simple haraterization for the
extreme points in the ase where I is nite [8, Theorem 1 (b)℄. This result holds in both real
and omplex ases.
The omplex orrelation matries are used also in quantum mehanis where they appear,
e.g., as the struture matries of ertain T-ovariant observables [5, 1, 3℄: Finite orrelation
matries our in the ontext of angle observables while the ase of ountable I is assoiated
with ovariant phase observables (when I = {0, 1, 2, ...}) and with box loalization observables
(when I = Z). In these ases, the extreme orrelation matries orrespond to the extreme
T-ovariant measurements; aordingly, Holevo stressed the importane of haraterizing them
[5℄. For nite I, the solution is provided by Li and Tam as mentioned above. Their result has
been generalized to other nite-dimensional ovariane systems by D'Ariano [3℄.
The purpose of this note is to give a haraterization of extreme orrelation matries in
the ase of ountable index set (whih an be hosen to be N without restriting generality).
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We onsider both real and omplex ases. The result is given by Theorem 1 below. It is a
generalization of Theorem 1 (b) of [8℄. We also show that there exist exteme matries of any
rank (∈ N ∪ {∞}).
2. Notations and basi definitions
Let M be the set of innite Hermitian (i.e. onjugate symmetri) F-valued matries indexed
by N = {1, 2, 3, ...}, onsidered as a real linear spae with respet to the usual entrywise sum
and salar multipliation. Let V be the vetor spae over F onsisting of F-valued sequenes
c = (cn)n∈N suh that cn 6= 0 only for nitely many n ∈ N. For any k ∈ N, let ek ∈ V be the
sequene (δkn)n∈N where δkn is the Kroneker delta (so that (ek)k∈N forms an algebrai basis
of V). Eah matrix M = (Mnm)n,m∈N ∈ M denes a Hermitian sesquilinear (or symmetri
bilinear when F = R) form M : V× V→ F via
M(c, d) =
∑
n,m∈N
cnMnmdm, c, d ∈ V.
(Notie that the above sums are nite.) Let C ⊂ M be the onvex set of Hermitian positive
semidenite matries with unit diagonal elements, i.e. the set of orrelation matries. Reall
that C ∈M is positive semidenite if and only if C(c, c) ≥ 0 for all c ∈ V.
Let ℓ1(N) be the Banah spae (over F) onsisting of F-valued sequenes c = (cn)n∈N suh
that
∑
n∈N |cn| < ∞. We denote the ℓ1-norm
∑
n∈N |cn| of c ∈ ℓ1(N) by ‖c‖1. Let ℓ1(N)×
denote the topologial antidual of ℓ1(N), i.e. the linear spae (over F) of ontinuous antilinear
funtionals ℓ1(N)→ F. We equip ℓ1(N)× with the standard operator norm
f 7→ sup{|f(c)| | c ∈ ℓ1(N), ‖c‖1 ≤ 1}.
Naturally, ℓ1(N)× is isomorphi with ℓ∞(N) = {d : N → F | supn∈N |dn| < ∞} but we do not
atually need this fat.
Let C ∈ C. Sine Cnn = 1, n ∈ N, and the prinipal 2 × 2-minors of C are nonnegative, we
have supn,m∈N |Cnm| ≤ 1, implying that
sup
n∈N
∣∣∣
∑
m∈N
Cnmcm
∣∣∣ ≤ ‖c‖1, c ∈ ℓ1(N).
Hene, C denes a ontinuous linear map C˜ : ℓ1(N)→ ℓ1(N)× by
[
C˜(c)
]
(d) =
∑
n,m∈N
dnCnmcm, c, d ∈ ℓ1(N).
where the double series onverges absolutely.
The rank of C ∈ C is dened by
rankC = dim C˜(ℓ1(N)) ∈ N ∪ {∞},
i.e. rankC is the dimension of the linear spae C˜(ℓ1(N)) ⊂ ℓ1(N)×.
3. Tehnial lemmas
Before we an prove the main result of this note (Theorem 1), we need some information on
the struture of a matrix C ∈ C.
The matries C ∈ C have the following haraterization. Let C ∈M. Then C ∈ C if and only
if there exists a separable Hilbert spae H over F and a sequene of unit vetors (ηn)n∈N ⊂ H
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suh that Cnm = 〈ηn|ηm〉 for all n,m ∈ N [1℄ (see also [10, Exerise 8.7℄); here 〈 · | · 〉 denotes the
inner produt of H (linear in the seond argument) and later we use the symbol ‖ · ‖ for the
norm of H. In the above referenes, this result is given only in the omplex ase, but the real
ase follows easily by noting that a omplex Hilbert spae (H, 〈 · | · 〉) an be interpreted as the
real Hilbert spae equipped with the inner produt Re 〈 · | · 〉. Note that H and the sequene
(ηn) are not uniquely determined by C.
Let C ∈ C, and hoose a sequene (ηn) of unit vetors in a Hilbert spae H (over F) suh
that Cnm = 〈ηn|ηm〉 for all n,m ∈ N. These hoies will remain xed in this setion. For eah
c ∈ ℓ1(N), the series ∑n∈N cnηn onverges (absolutely) in H, so we an dene a linear map
Φ : ℓ1(N)→H by
(1) Φ(c) =
∑
n∈N
cnηn.
Sine ‖Φ(c)‖ ≤ ‖c‖1 the map Φ is ontinuous.
Next dene another linear map Φ∗ : H → ℓ1(N)× by
[
Φ∗(ϕ)
]
(c) =
∑
n∈N
cn〈ηn|ϕ〉, ϕ ∈ H, c ∈ ℓ1(N),
where the series onverges absolutely. The map Φ∗ is ontinuous sine
sup
{|[Φ∗(ϕ)](c)| ∣∣ c ∈ ℓ1(N), ‖c‖1 ≤ 1
} ≤ ‖ϕ‖.
It is lear from the above formulas that we have
(2)
[
Φ∗(ϕ)
]
(c) = 〈Φ(c)|ϕ〉, ϕ ∈ H, c ∈ ℓ1(N).
Lemma 1. (a) linF{ηn | n ∈ N} = Φ(ℓ1(N)) = (ker Φ∗)⊥.
(b) C˜ = Φ∗Φ.
() C˜(ℓ1(N)) = Φ∗(H)
(d) rankC = dimΦ∗(H) = dimΦ(ℓ1(N)) = dim linF{ηn | n ∈ N}.
Proof. Sine ηk = Φ(ek) by (1), we have linF{ηn | n ∈ N} ⊆ Φ(ℓ1(N)). On the other hand,
the series in (1) onverges in norm, so Φ(ℓ1(N)) ⊆ linF{ηn | n ∈ N}. This proves the rst
equality in (a). It follows from (2) that Φ(ℓ1(N)) ⊆ (ker Φ∗)⊥ and hene Φ(ℓ1(N)) ⊆ (ker Φ∗)⊥
(the orthogonal omplement is losed). Assume now that ϕ0 ∈ (ker Φ∗)⊥ ∩ Φ(ℓ1(N))⊥. Then
[Φ∗(ϕ0)] (c) = 〈Φ(c)|ϕ0〉 = 0 for all c ∈ ℓ1(N) by (2), so ϕ0 ∈ ker Φ∗ and hene ϕ0 = 0. Now (a)
is proved.
By (1), the ontinuity of Φ∗, and (2), we get
[
Φ∗
(
Φ(c)
)]
(d) =
∑
n∈N
cn
[
Φ∗(ηn)
]
(d) =
∑
n∈N
cn〈Φ(d)|ηn〉
=
∑
n∈N
∑
m∈N
dm〈ηm|ηn〉cn =
[
C˜(c)
]
(d), c, d ∈ ℓ1(N).
This proves (b).
To prove (), we rst note that C˜(ℓ1(N)) ⊆ Φ∗(H) by (b), so C˜(ℓ1(N)) ⊆ Φ∗(H). On the other
hand, by using the relation Φ(ℓ1(N)) = (ker Φ∗)⊥ (see (a)) and the fat that Φ∗ is ontinuous,
one gets
Φ∗(H) = Φ∗(Φ(ℓ1(N))) ⊆ Φ∗(Φ(ℓ1(N))) = C˜(ℓ1(N)),
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and hene Φ∗(H) ⊆ C˜(ℓ1(N)), and () is proved.
It remains to prove (d). By (a), we have linF{ηn | n ∈ N} = Φ(ℓ1(N)) = K, where K =
(ker Φ∗)⊥. Sine any nite dimensional spae is losed, linF{ηn | n ∈ N} = dimΦ(ℓ1(N)) =
dimK. Now Φ∗|K(K) = Φ∗(H) sine Φ∗(K⊥) = 0. In addition, the map Φ∗|K : K → Φ∗(H) is
a linear bijetion, so dimK = dimΦ∗(H). It follows from () that dim C˜(ℓ1(N)) = dimΦ∗(H),
i.e. rankC = dimΦ∗(H). This ompletes the proof of (d). 
Remark 1. From Lemma 1, one sees that, without restriting generality, we may assume that
dim H = rankC and the sequene (ηn)n∈N spans H. In partiular, if rankC = r <∞ then we
may assume that H = Fr.
For eah ϕ ∈ H, we let |ϕ〉〈ϕ| denote the bounded operator ψ 7→ 〈ϕ|ψ〉ϕ on H. We use the
symbols Ls(H) and Ts(H) for the real Banah spaes of selfadjoint bounded and selfadjoint
trae lass operators on H, respetively. The following lemma is well known in the ase of a
omplex Hilbert spae. However, real Hilbert spaes are not so frequently used in the literature,
so we give the proof here for the real ase.
Lemma 2. The topologial dual of Ts(H) is isomorphi to Ls(H).
Proof. Assume that H is real (i.e. F = R). For eah R ∈ Ls(H), dene a linear mapping
FR : Ts(H) → R by FR(T ) = tr[RT ]. The funtional FR is ontinuous, sine |FR(T )| ≤
‖R‖‖T‖tr where ‖ · ‖ and ‖ · ‖tr are the operator and trae lass norms, respetively [7,
Theorem 4.1.4 (3)℄. Let then F : Ts(H) → R be a ontinuous funtional. Dene an R-linear
map F˜ on the whole trae lass T (H) of H by F˜ (T ) = 1
2
F (T + T ∗), T ∈ T (H). Sine
‖T ∗‖tr = ‖T‖tr, it follows that |F˜ (T )‖ ≤ ‖F‖‖T‖tr and F˜ is ontinuous. Hene, there exists a
bounded operator S suh that F˜ (T ) = tr[ST ], T ∈ T (H), and ‖F˜‖ = ‖S‖ [7, Theorem 4.1.4
(3)℄. For any T ∈ Ts(H) we have F (T ) = F˜ (T ) = 12tr[(S + S∗)T ]. (Note that tr[A∗] = tr[A],
A ∈ T (H).) Dene R = 1
2
(S+S∗) ∈ Ls(H) so that F = FR. The mapping R 7→ FR is isometry.
Indeed, ‖FR‖ = ‖R‖ sine tr
[
R 1
2
(T + T ∗)
]
= tr(RT ), T ∈ T (H), and 1
2
‖T + T ∗‖tr ≤ 1 when
‖T‖tr ≤ 1. 
4. Extreme points of C
The following theorem haraterizes the extreme points of the onvex set C of F-valued
orrelation matries. The haraterization is an innite-dimensional analogue of [8, Theorem 1
(b)℄.
Theorem 1. Let C ∈ C, and let (ηn) be a sequene of unit vetors in a Hilbert spae H (over
F) suh that Cnm = 〈ηn|ηm〉 for all n,m ∈ N. Denote K = linF{ηn | n ∈ N} and
S = linR{|ηn〉〈ηn| | n ∈ N} ⊆ Ts(K).
Then C is an extreme point of C if and only if S is trae norm dense in Ts(K).
Proof. Dene Φ and Φ∗ using (ηn) as in the preeding setion so that Lemma 1 holds for them.
Notie that K = (ker Φ∗)⊥ = Φ(ℓ1(N)) ⊆ H by Lemma 1 (a).
Assume that S is not dense in Ts(K). Sine the dual of Ts(K) is Ls(K) by Lemma 2, it follows
from the Hahn-Banah theorem that there is an R ∈ Ls(K) suh that R 6= 0 and tr[RT ] = 0 for
all T ∈ S. Dene B˜ : ℓ1(N) → ℓ1(N)× by B˜ = Φ∗|KRΦ. Now B˜ 6= 0, beause Φ∗|K is injetion
4
and Φ(ℓ1(N)) is dense in K by Lemma 1 (a). Let Bnm =
[
B˜(em)
]
(en) for all n,m ∈ N. Then
by (2) and (1), we get
Bnm =
[
Φ∗(RΦ(em))
]
(en) = 〈Φ(en)|RΦ(em)〉 = 〈ηn|Rηm〉, n,m ∈ N.
Sine R is selfadjoint, it follows that the matrix (Bnm) is Hermitian. In addition, Bnn =
tr[R|ηn〉〈ηn|] = 0 for all n ∈ N, sine |ηn〉〈ηn| ∈ S for all n ∈ N. Let ǫ = ‖R‖−1 (where ‖R‖ is
the operator norm of R). Sine R is a selfadjoint bounded operator, I ± ǫR ≥ 0 where I is the
identity operator of K. Hene, for all c ∈ ℓ1(N), one gets from (2) that
(C ± ǫB)(c, c) = [(Φ∗Φ± ǫΦ∗RΦ)(c)](c) = 〈Φ(c)|(I ± ǫR)Φ(c)〉 ≥ 0.
It follows that the matrix C ± ǫB is positive semidenite. Sine, in addition, Bnn = 0 for all n,
we get C ± ǫB ∈ C. Clearly C = 1
2
(C − ǫB) + 1
2
(C + ǫB), so C is not an extreme point.
Assume then that C is not an extreme point. Then C = 1
2
(C1 + C2) for some C1, C2 ∈ C,
where C1 6= C2. Dene B = 12(C1−C2). Then B 6= 0, and B ∈M, with Bnn = 0 for all n ∈ N.
Sine C ± B ∈ C, one gets C(c, c)±B(c, c) ≥ 0 for all c ∈ V, and hene
(3) |B(c, c)| ≤ C(c, c), c ∈ V.
Next we show that
(4) if c ∈ ker Φ ∩V and d ∈ V then B(c, d) = 0.
To that end, let c ∈ V be suh that Φ(c) = 0, and let d ∈ V. Then C(c, c) = [Φ∗Φ(c)](c) = 0,
so also (C + B)(c, c) = 0 by (3). Sine C and C + B are positive semidenite and Hermitian,
the Cauhy-Shwarz inequality gives C(c, d) = 0 and (C+B)(c, d) = 0. Hene also B(c, d) = 0,
proving (4).
It follows from (4) that B(c1, d1) = B(c2, d2) whenever c1, c2, d1, d2 ∈ V are suh that c1 −
c1, d1 − d2 ∈ ker Φ. (Notie that B is Hermitian.) Hene, we have a well-dened sesquilinear
form R : Φ(V)×Φ(V)→ F dened by R(ϕ, ψ) = B(c, d) where Φ(c) = ϕ and Φ(d) = ψ. Sine
B is a Hermitian, also R is suh.
Let now ϕ ∈ Φ(V), and let c ∈ V be suh that ϕ = Φ(c). Then by (3), Lemma 1 (b) and
(2), we get
|R(ϕ, ϕ)| = |B(c, c)| ≤ C(c, c) = [Φ∗(Φ(c))](c) = 〈Φ(c)|Φ(c)〉 = ‖ϕ‖2,
so the polarization identity gives
sup{|R(ϕ, ψ)| | ϕ, ψ ∈ Φ(V), ‖ϕ‖ ≤ 1, ‖ψ‖ ≤ 1} <∞.
Sine Φ(V) = linF{ηn | n ∈ N} is dense in K by Lemma 1 (a) it follows that there is a bounded
operator R˜ : K → K, suh that R(ϕ, ψ) = 〈ϕ|R˜ψ〉 for all ϕ, ψ ∈ Φ(V). Sine R is Hermitian,
R˜ ∈ Ls(K). Now Φ(en) = ηn for all n ∈ N, so
tr[R˜|ηn〉〈ηn|] = 〈ηn|R˜ηn〉 = B(en, en) = Bnn = 0, n ∈ N.
This implies that tr[R˜T ] = 0 for all T ∈ S.
Now if S is dense in Ts(K), it follows that tr[R˜T ] = 0 for all T ∈ Ts(M), implying R˜ = 0.
But then
Bnm = B(en, em) = R(ηn, ηm) = 〈ηn|R˜ηm〉 = 0, n,m ∈ N,
whih is impossible, sine B 6= 0. Hene, S is not dense in Ts(K). The proof is omplete. 
The following proposition shows that there exist extreme points of C of any rank (∈ N∪{∞}).
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Proposition 1. Let N be a (separable) Hilbert spae over F, and let {ϕn | n ∈ N} ⊆ N \ {0}
be a ountable set dense in N . Dene
Cnm = ‖ϕn‖−1‖ϕm‖−1〈ϕn|ϕm〉, n,m ∈ N.
Then the matrix C = (Cnm) is an extreme point of C with rankC = dimN .
Proof. Let ηn = ‖ϕn‖−1ϕn for all n ∈ N. Sine the set {ϕn | n ∈ N} is dense in N , it is
lear that linF{ηn | n ∈ N} = N . Therefore, rankC = dimN by Lemma 1 (d). We proeed to
show that the set S = linR{|ηn〉〈ηn| | n ∈ N} is trae norm dense in Ts(N ). To that end, let
T ∈ Ts(N ), T 6= 0, and ǫ > 0. Using the spetral representation [7℄, we get
T =
∑
n∈N
tn|φn〉〈φn|,
where tn ∈ R for all n ∈ N, and (φn)n∈N is an orthonormal sequene in N , the series onverging
in the trae norm ‖ · ‖tr. Choose n0 ∈ N suh that
(5)
∥∥∥T −
n0∑
n=1
tn|φn〉〈φn|
∥∥∥
tr
<
ǫ
2
.
Then, for eah n = 0, ..., n0, pik kn ∈ N suh that ‖φn − ϕkn‖ < ǫ(6‖T‖tr)−1. This is possible
beause {ϕn | n ∈ N} is dense in N . Now we use the fat that for ψ1, ψ2 ∈ N , suh that
‖ψ1‖ = 1 and ‖ψ1 − ψ2‖ ≤ 1, we have
‖|ψ1〉〈ψ1| − |ψ2〉〈ψ2|‖tr ≤ 3‖ψ1 − ψ2‖.
This an be proved [6, the proof of Lemma 5℄ e.g. by using the duality C(N )∗ = T (N ) [7, p.
60℄ where C(N ) denotes the set of ompat operators. Applying this result, we get
(6)
∥∥∥
n0∑
n=1
tn|φn〉〈φn| −
n0∑
n=1
tn|ϕkn〉〈ϕkn|
∥∥∥
tr
≤ 3
n0∑
n=1
|tn|‖φn − ϕkn‖ <
ǫ
2
.
Now (5) and (6) imply that
(7)
∥∥∥T −
n0∑
n=1
tn|ϕkn〉〈ϕkn|
∥∥∥
tr
< ǫ.
Sine ϕkn = ‖ϕkn‖ηkn we have
∑n0
n=1 tn|ϕkn〉〈ϕkn| ∈ S. Thus S is dense in Ts(N ). Now C is an
extreme point by Theorem 1. The proof is omplete. 
The following remark demonstrates that there exist extreme orrelation matries whih an-
not be onstruted by using Proposition 1.
Remark 2. It is easy to generalize the onstrution of nite rank extreme points of Li and
Tam [8, Setion 2.1℄ to the innite dimensional ase.
First we onsider the omplex ase. Let r ∈ N and hoose H = Cr. Let (fn)rn=1 be an
orthonormal basis of Cr. Then the basis of the nite dimensional spae Ts(Cr) = Ls(Cr) onsists
of operators |fn〉 〈fn|, |fn〉 〈fm|+ |fm〉 〈fn| and i |fn〉 〈fm| − i |fm〉 〈fn| where n,m ∈ {1, 2, ..., r}
and n < m. Dene (ηn)-sequene as follows. Enumerate the unit vetors fn, 2
−1/2(fn + fm),
2−1/2(fn + ifm), n,m ∈ {1, ..., r}, n < m, to get the rst r2 vetors ηn and dene ηn = f1 for
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all n > r2. Thus we have a sequene (ηn)n∈N of unit vetors and we an dene a C ∈ C by
Cnm = 〈ηn|ηm〉. Sine, for example,
i |fn〉 〈fm| − i |fm〉 〈fn| = |fn〉 〈fn|+ |fm〉 〈fm| − 2 ·
∣∣2−1/2(fn + ifm)
〉 〈
2−1/2(fn + ifm)
∣∣
it is easy to see that linR{|ηn〉〈ηn| | n ∈ N} = Ts(Cr). Hene, C is extreme. Moreover,
rankC = dim linC{ηn | n ∈ N} = r.
Let (η˜n) be any sequene of unit vetors (in some Hilbert spae) suh that Cnm = 〈η˜n|η˜m〉.
Sine 〈η˜n|η˜m〉 = 1 for all n,m > r2 it follows that η˜n = η˜r2+1 for all n > r2 by Cauhy-Shwarz.
Hene, there exist only nitely many dierent vetors η˜n, so the sequene (η˜n) annot be dense
in the surfae of the unit ball. It follows that the sequene (η˜n) annot be obtained by the
method of Proposition 1.
In the real ase we take H = Rr with an orthonormal basis (fn)rn=1. Now the operators
|fn〉 〈fn| and |fn〉 〈fm| + |fm〉 〈fn|, n,m ∈ {1, 2, ..., r}, n < m, generate Ts(Rr) and we an
hoose the rst r(r+1)/2 ηn-vetors to be fn and 2
−1/2(fn + fm), n < m. Then we set ηn = f1
for all n > r(r+1)/2. As before, we notie that the matrix Cnm = 〈ηn|ηm〉 is an extreme point
of rank r and it annot be obtained by Proposition 1.
Hene, to onstrut a nite rank extreme, Proposition 1 gives unneessarily many dierent
vetors ηn.
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